In the context of Covariant Quantum Mechanics for a spin particle, we classify the "quantum vector fields", i.e. the projectable Hermitian vector fields of a complex bundle of complex dimension 2 over spacetime. Indeed, we prove that the Lie algebra of quantum vector fields is naturally isomorphic to a certain Lie algebra of functions of the classical phase space, called "special phase functions". This result provides a covariant procedure to achieve the quantum operators generated by the quantum vector fields and the corresponding observables described by the special phase functions.
Introduction
We deal with a geometric formulation of quantum mechanics on a curved spacetime with absolute time ("curved Galileian spacetime") which was introduced by M.Modugno and A. Jadczyk [14, 15] and further developed by several authors [7, 13, 16, 17, 18, 19, 21, 20, 24, 28, 29, 30, 34, 35] . This approach, named Covariant Quantum Mechanics (CQM), uses differential geometric notions such as jets of fibered manifolds, linear and non-linear connections, cosymplectic forms and Frölicher smooth spaces; it has analogies with Geometric Quantization [1, 11, 12, 25, 32, 33, 36] and with other formulations such as the approach due to Kuchar [26] and the approach by C. Duval, Künzle et al. [8, 9] in the Bargmann framework.
On the other hand, CQM has several distinctive features; it produces an effective procedure for the introduction of quantum operators, and overcomes certain difficulties typical of Geometric Quantization-such as the problems related to polarizations and to the quantum energy operator; moreover it reproduces, in the flat case, the whole standard quantum mechanics.
Within CQM one finds a precise criterium yielding quantum operators; these are in oneto-one natural correspondence with certain "special functions", which on turn constitute a Lie algebra different from the usual Poisson algebra.
Remark. The Poisson bracket is defined for any pair of phase-space functions, while special function are just a "small" subset of these; on the other hand, the space of special functions is not closed with respect to the Poisson bracket, but it is closed with respect to a special bracket, which is defined as the Poisson bracket plus a certain covariant term. The special bracket coincides with the Poisson bracket in the particular case when both factors are special functions fulfilling a further condition (being affine functions on the fibres of the phase space). Hence this subspace of all special functions constitutes a Lie subalgebra of both the Poisson algebra and the special algebra. 1 Now the special bracket (and everything related to it) is relevant exactly in the case of quadratic functions, namely functions containing the energy. This is one of the basic points which distinguish between CQM and standard Geometric Quantization or other geometric approaches: the energy function can be treated on the same footing as all other quantizable functions, without ad hoc tricks and having to deal with ordering problems.
One of the relatively recent developments [21] of CQM has been exactly a deeper understanding of the strict relation existing among "special functions", corresponding to a distin-guished class of observables, and Hermitian vector fields on the fundamental complex bundle of the theory (on turn, Hermitian vector fields yield quantum operators). This paper aims at extending those results (stated in the case when the bundle's fibres are 1-dimensional) to the case of a particle with spin (complex 2-dimensional fibres). While the spin case was already studied in a previous article [7] , the algebra of special observable functions was introduced there in a rather "by-hand" fashion. Now it can be shown to arise from quite natural geometric constructions, and to need further corrections due to the interplay between the geometry of the quantum structures and the underlying classical spacetime geometry.
The first section of this paper is devoted to preliminary results about Hermitian vector fields on Hermitian vector bundles, and their relation to Hermitian connections.
The second section contains a sketch of the Galileian spacetime geometry and related classical particle mechanics underlying CQM. The extension to the case of a classical particle with spin is also considered. The Lie algebra of special functions for the scalar case is briefly reviewed, and its extension to the spin case is presented.
In the third section we introduce the geometric framework needed for the treatment of a quantum spin particle in the Galileian context: spin bundle, Pauli map, spin connection. Moreover, a comparison is made between this framework and the framework for the Dirac equation in General Relativity.
In the fourth and last section we introduce the phase-quantum bundle and the phasequantum connection as a natural extension of the scalar particle case; we study the classification of Hermitian vector fields and their relations with the special functions. Finally we show how quantum operators and the Pauli equation on a Galileian background arise. This paper does not contain a complete treatment of CQM, with its rich geometric structure and delicate points. We rather sketch some of the main features in order to frame our results. For a more detailed understanding of the theory the reader is advised to look at some of the above quoted papers [18, 19, 21 ].
Projectable vector fields
We consider a finite-dimensional complex vector bundle π : U → E over the real manifold E. We indicate by x λ a local coordinate chart on E, and by ζ A a local frame of U . We use fibered coordinates x λ , z A : U → R m × C n , where the linear fiber coordinates z A constitute the dual frame of ζ A . Moreover we indicate by ∂z A the induced frame 2 of VU → U . A vector field Y : U → TU is said to be projectable if there exists a vector field X: E → TE such that the following diagram commutes:
In particular we say that Y is linear projectable if it is a linear morphism over X ; then its coordinate expression is
A short calculation shows that the Lie bracket of two vector fields Y and Y ′ , respectively projectable over X and X ′ , is projectable over [X, X ′ ] ; if morever Y and Y ′ are linear then also [Y, Y ′ ] turns out to be linear, and has the coordinate expression
Thus local linear projectable vector fields constitute a sheaf of Lie algebras (a subsheaf of the sheaf of all vector fields U → TU together with the standard Lie bracket).
Hermitian vector fields
Let ψ : E → U be a (local) section, and write its coordinate expression as ψ = ψ A ζ A , ψ
A : E → C . Recalling the natural isomorphism U × E U ∼ = VU ֒→ TU we define the vertical vector fieldψ :
which has the coordinate expressionψ = ψ A ∂z A . If Y : U → TU is linear projectable then the vertical vector field
yields, through projection onto the second cartesian factor, a section Y.ψ with coordinate expression
2 We indicate the tangent, vertical and fist-jet prolongtion functors as T, V and J , respectively. Taking into account the natural isomorphism VU ∼ = U × E U we actually have ∂zA ≡ ζA . Now we assume that the fibers of U → E be smoothly endowed with a Hermitian metric, namely that we have a smooth section h : E → U ⋆ ⊗ E U ⋆ . Then we say that a linear projectable vector field Y is Hermitian if for any two sections φ, ψ : E → U we have 3
In coordinates the above condition reads h
In the sequel we'll use h-orthonormal local fiber coordinates, hence the same condition becomes
is anti-Hermitian. In particular, if Y : U → VU ∼ = U × E U then Y can also be seen as a section E → End U ; in that case the Hermicity condition means Y : E → L , namely Y is a section of the subbundle of End U constituted by all traceless anti-Hermitian endomorphisms of the fibers of U → E . 
Moreover, if Y and
Hence local Hermitian linear projectable vector fields constitute a subsheaf of Lie algebras.
Hermitian vector fields and connections
Let c be a complex-linear connection of the bundle U → E , namely a section U → JU ⊂ TE ⊗ E TU , with coordinate expression
We say that c is Hermitian if h is covariantly constant relatively to c , i.e. ∇[c]h = 0 . It's immediate to check that, in coordinates, the Hermiticity of c means that the matrices c A λ B , λ = 1, . . . , n , are anti-Hermitian.
Any vector field X : E → TE can be lifted, via c , to the linear projectable vector field X c : U → TU , which has the coordinate expression
Clearly, X c is Hermitian if c is Hermitian. Let X, X ′ : E → TE ; then a straightforward calculation yields
are the components of the curvature tensor R[c] :
A linear projection ν[c] : TU → VU is associated with the linear connection c . Taking the natural identification VU ∼ = U × E U into account, the vertical projection of a linear projectable vector field Y : U → TU can be seen as a section
with the coordinate expression 
Thus Y c is Hermitian if c andY are Hermitian. Henceforth we assume, for simplicity, that the considered connection c is Hermitian (though some of the forthcoming results also hold in a more general situation). Let J denote the sheaf of all pairs (X,Y ) with X : E → TE,Y : E → L , and H denote the sheaf of all Hermitian linear projectable vector fields Y : U → TU . Then, clearly, the maps
are inverse sheaf isomorphisms.
proof: A straightforward coordinate calculation yields
and applying the vertical projection ν[c] amounts to subtracting the term [X, X ′ ] c . Now we are naturally led to introduce a Lie bracket on J , in such a way that h[c] and j[c] turn out to be mutually inverse isomorphisms of Lie algebras. Namely we set
Note that we have a different bracket and correspondence for each Hermitian connection c .
2 Galileian spacetime and classical particle
Galileian spacetime
Classical spacetime is a basic ingredient of Covariant Quantum Mechanics. Even in the Galileian case the theory can be formulated on a curved background, describing a fixed gravitational field, which is endowed with a rich structure. We summarize some of the main notions which will be used here, referring to other articles [19] for further developments and details. The Galileian spacetime is assumed to be a fibered bundle
where the spacetime manifold E is 4-dimensional and the base manifold T , the "time", is an oriented 1-dimensional affine space. The space of "free vectors" of T is written as R ⊗ T where T is a positive space 4 called the space of time intervals. The fibers of t are assumed to be oriented as well (for each t ∈ T the fiber over t , namely the 3-dimensional submanifold E t ≡ t −1 (t) , is the "space at time t").
A spacetime chart is defined to be a fibered coordinate chart
Moreover we choose the coordinate x 0 such that u 0 ≡ dt, ∂x 0 ∈ T is a constant time interval; then we write dt = u 0 dx 0 . Note that u 0 ≡ (u 0 ) −1 ∈ T * , together with the choice of an "origin" t 0 ∈ T , determines a real-valued coordinate on T . Moreover we assume a spatial, scaled metric structure. In general we say that a metric is scaled if it is valued in R tensorialized by some positive space. So we assume an
where L is the space of length units; namely g is a scaled metric on the fibers of E → T , since for each t ∈ T we have (VE) t = T(E t ) . In a spacetime chart we write
whereďx i indicates the vertical restriction of the 1-form dx i : E → T * E. A connection K of TE → E will be called a spacetime connection if it is linear, torsion-free, and obeys the identities ∇dt = 0 , ∇g = 0 , R ijhk = R hkij .
Remark. Differently from the Einstein case, the spacelike metric g by itself does not fully characterize a distinguished connection of TE → E . Consider a linear spacetime connection K fulfilling the condition ∇[K]dt = 0 . In terms of its coordinate expression this means K 0 λ µ = 0 , namely K is reducible to a connectionǨ of VE → E ; in turn, this restricts to connections on each spacelike manifold E t ≡ t −1 (t) , t ∈ T (the metricity condition ∇g = 0 implies that these restrictions are just the torsion-free Riemannian connections determined by g). Then it's not difficult to see that the only part of K which remains undetermined is the antisymmetric part of the coefficients K 0jk , namely the differences K 0jk − K 0kj . On turn, these can be characterized as the components of closed 2-form Φ which depends on the 4 A positive space, or unit space, is defined to be a semi-vector space U on the semi-field R + , the action of R + on U being free and transitive (see [22] for details). The square root U 1/2 of a unit space U, is defined by the condition that U 1/2 ⊗ U 1/2 be isomorphic to U. More generally, any rational power of a unit space is defined up to isomorphism (negative powers correspond to dual spaces). The basic unit spaces commonly used are the space L of length units, the space T of time intervals and the space M of masses. Coupling constants are elements in tensor products of positive spaces; in particular,
choice of an observer ( §2.2). This family of observer-dependent forms is strictly related to the cosymplectic form Ω (see below), which is also closed. The property of closeness turns out to be essential in the quantum theory, since it is necessary for the existence of the quantum connection.
The classical particle mechanics with fixed gravitational and electromagnetic background fields can be formulated in the present context by assuming that the gravitational field is described by a given torsion-free metric spacetime connection K ♮ fulfilling the above said conditions, and that the electromagnetic field is described by a closed scaled tensor field
With reference to a particle with mass m and charge q , F can be merged with K ♮ into a joined spacetime connection K = K ♮ + K e which obeys the same conditions as K ♮ . In coordinates 5
The phase space of a classical particle
A particle motion is a section s : T → E ; the first jet prolongation js : T → JE is the particle's velocity. Hence we also call JE the phase space for classical particle motions. Since JE → E can be identified with a subbundle of T * ⊗ TE , the velocity is a T * -scaled vector. A fibered spacetime chart x 0 , x i determines the fibered chart x 0 , x i , x i 0 of JE ; the velocity of s has then the coordinate expression js = u 0 (∂x 0 + s i 0 ∂x i ) , with
An observer is a connection of E → T . It can be seen as a section o : E → JE , hence it can also be seen as a T * -scaled vector field on E . Its coordinate expression is o = u 0 (∂x 0 +o i 0 ∂x i ) , with o i 0 : E → R . An observer can be seen as the field of velocity of a continuum, whose integral motions are the "horizontal sections" of the connection o . A spacetime chart is said to be adapted to o if o i 0 = 0 , namely if the spatial coordinates x i are constant along the integral motions of o .
The Galileian phase space has a rich structure, whose detailed study lies outside the scope of this article (e.g. see [19] ). As far as we are concerned, the two most important objects are the 2nd order connection γ : JE → T * ⊗ TJE , induced by the joined spacetime connection K , and the 2-form Ω : JE → ∧ 2 T * JE , induced by K and the "rescaled" metric 6 m g (with reference to a particle of mass m). These objects can be intrinsically characterized in various ways; their coordinate expressions are
Moreover one has Ω = Ω ♮ + q 2 F , where Ω ♮ is defined like Ω but in terms of K ♮ alone rather than K. One finds that the couple (dt, Ω) is cosymplectic, namely dΩ = 0 and the 7-form 5 Namely one adds to K ♮ the tensor K e : E → T * E ⊗ TE ⊗ T * E obtained from F ⊗ dt (times a suitable coupling constant) by raising the second index and symmetrizing relatively to the first and third indices (the contravariant metric g # can be naturally seen as a spacetime object, not just a vertical object). 6 Even in the classical theory Planck's constant ∈ M ⊗ L 2 ⊗ T −1 has a role (together with the particle's mass m) in making the cosymplectic form Ω a non-scaled object. We'll see that Ω is an essential ingredient of the link between the classical and the quantum theory. Besides that, Ω is needed at the classical level in the study of symmetries [28] .
dt ∧ Ω ∧ Ω ∧ Ω does not vanish. For each observer o the 2-form Φ[o] ≡ 2 o * Ω is closed (this is the same object, describing that part of the spacetime connection not determined by the spacelike metric g , introduced in the remark in §2.1). Similarly, γ splits as γ ♮ + γ e , where the gravitational part γ ♮ is defined like γ but in terms of K ♮ rather than K, and γ e turns out to be just the Lorentz force. The law of motion of a classical particle with mass m and electric charge q , in the given gravitational and electromagnetic fields, can then be naturally written
Special phase functions for a scalar particle
A certain Lie algebra of special functions JE → R can be intrinsically characterized in various ways. The coordinate expression of a special function is of the type
Note that the termf depends on the coordinates. In particular, for any observer o we write
. Let f, f ′ be functions of the above type, and define the bracket
: JE → R turns out to be a special function; in coordinates adapted to the observer o its expression is
Furthermore the above bracket turns out to fulfill the Jacobi identity. Hence the local special functions constitute a sheaf of Lie algebras.
Any special function f : JE → R determines, by a geometric construction [21] , a vec-
turns out to be a morphism of Lie algebras (with the usual Lie bracket of vector fields).
Remark. The Lie algebra of vector fields X : E → TE has the subalgebra of all vector fields which are projectable through E → T . This corresponds to the subalgebra of special functions f such that ∂ i f 0 = 0 , that is f 0 : T → R . Actually, only special functions of this restricted type turn out be physically meaningful [28] .
Phase space and special functions for a classical particle with spin
We describe the motion of a classical particle with (classical) spin as a section u : T → L * ⊗VE. This projects onto an ordinary particle motion s : T → E ; for each t ∈ T an "intrinsic angular momentum" u(t) ∈ L * ⊗ VE s(t) , or spin, is then associated to the particle.
The classical law of motion of a charged spin particle can then be formulated in terms of spacetime connections, using a further coupling constant µ ∈ T −1 ⊗ L 3/2 ⊗ M −1/2 (then µu is the magnetic moment of the particle). For this purpose we introduce a further joined connection K ′ which uses 2 µ rather than q/m as the coupling constant between K ♮ and F ( §2.1). Namely we set K ′ := K ♮ + K m , where K m is obtained from 2 µ F ⊗ dt by performing on it the same algebraic operations which yield K e . In coordinates we have
Then the equation of motion for u can be formulated as
where γ ′ is the second order connection ( §2.2) associated with K ′ and we used the shorthand
Equivalently, the same equation can also be written as
⊗ VE is the magnetic field 8 associated with F . One then finds that s(t) coincides with the usual motion of a scalar charged particle, while the spin only interacts with the magnetic field.
The main point of interest here is that one is led to identify the phase space of a classical particle with spin with the first jet prolongation J(L * ⊗ VE) . However, a smaller phase space turns out to suit our purposes, namely we take 9 JE × E (L * ⊗VE) . This choice can be justified by various arguments, including the observation that one does not measure a "spin speed" in quantum mechanics; a point is even more relevant in the present context: a sound confirmation will be found in the relation between special functions and Hermitian vector fields.
So we consider special functions of the type
where f : JE → R is assumed to be a special function in the sense of the Covariant Quantum Mechanics of a scalar particle ( §2.3). As for φ : L * ⊗ VE → R we simply assume it to be a linear map over E, namely a section E → L ⊗ V * E .
Lie bracket of extended special functions
The next step consists in extending the Lie algebra of special functions for the scalar case to a larger Lie algebra of functions of the above type. We begin by doing a preliminary construction based on the curvature tensor of the connectionǨ of VE → E induced by K. This tensor is a section 10
Now there is a natural fibered isomorphism ⊲ : End(VE) → L ⊗ V * E over E, obtained by index-raising the second factor in End E ∼ = VE ⊗ E V * E via the spacelike metric g and then contracting by the spacelike volume form associated with g . Then we get a map
In the Galileian context this is observer-independent, being defined as B := 1 2 * F whereF is the vertical restriction of F [7, 15] . 9 We recall that there is a natural isomorphism JVE ∼ = VJE . It is easy to see that we have an analogous isomorphism J(L * ⊗ VE) ∼ = L * ⊗ VJE . Hence this extended phase space has two distinct natural projections onto JE and L * ⊗ VE .
If e i is an orthonormal frame of L * ⊗ VE , andŘ =Ř i λµj dx λ ∧ dx µ ⊗ e i ⊗ě j , then we find
Remark. Actually, the curvature tensorŘ is a sectionŘ : E → ∧ 2 T * E ⊗ E A , where
is the subbundle of all g-antisymmetric endomorphisms. It is easy to check that A is closed with respect to the ordinary commutator, so that its fibers are equipped with a Lie algebra structure. 11 On the other hand, the fibers of L * ⊗ VE are equipped with the Lie algebra structure given by the cross product. Then it can be checked that
is the bracket of special functions for a scalar particle and X[f ] : E → TE is the vector field determined by f , whose coordinate expression is
. Using an orthonormal frame e i of L * ⊗ VE , the coordinate expression of the last part in the above bracket is
whereK j λ k are the coefficients ofǨ in the frame e i . The above bracket turns out to obey the Jacobi identity, hence it determines a structure of sheaf of Lie algebras in the sheaf of all local phase functions for a spin particle. This property is a consequence of the correspondence between special functions and Hermitian vetor fields, which will be proved in §4.3. However, a direct check can be instructive.
Checking the Jacobi identity
The Jacobi identity for the bracket [[f, f ′ ]] of the special functions for the scalar case has already been established in previous works [28] . As for the remaining part, we get
We must check that the sum of the above expression over the cyclic permutations of the set (1, 2, 3) vanishes. Now we observe that this is a sum of four parts which must vanish independently, containing a different number of φ factors.
Consider the part not containing the φ fields (namely the first line in right-hand side of the above expression). Using the assumption that the spacetime connection be torsion-free and summing up the above expression over the cyclic permutations of the set (1, 2, 3 ) one sees that, because of the antisymmetry of ρ , all terms containing the covariant derivatives of the fields X i eventually cancel out, so that we are left with 
After summing over cyclic permutations, and taking into account the definition of the curvature tensor, we get the sum *
where * R is the curvature tensor of the connection of V * E → E induced byǨ . The latter expression vanishes since for any sections X, X ′ : E → TE and φ :
As for the part of the double bracket whose terms contain two fields φ i , after summing over the cyclic permutations we get an expression which clearly vanishes because of the antisymmetry of the cross product. Finally, the sum over the cyclic permutations of (φ 3 × φ 2 ) × φ 1 vanishes because of the Jacobi property obeyed by the cross product.
Spinors for the Galileian setting 3.1 Pauli spinors
Consider a complex 2-dimensional vector space U endowed with a positive Hermitian metric h . The Lie algebra L 0 ⊂ End U of all traceless anti-Hermitian endomorphisms of U is (real) 3-dimensional, and is naturally endowed with the Euclidean metric
If ξ i is anyg-orthonormal basis of L 0 , then we find
12 The vanishing-torsion condition reads ∇X 1 X2 − ∇X 2 X1 = [X1, X2] , and the like. However the constructions and results of this section do not actually depend on this condition. If we allow for a non-vanishing torsion then checking the Jacobi identity is somewhat more complicated and uses the following generalized form of the Bianchi identities:
Similar identities can be shown to hold for the curvature tensor of any linear connection of a vector bundle, provided that one also has a linear connection of the base.
We'll use orthonormal bases so oriented that the plus sign holds in the above formula (namely the coefficients ε k ij are the 'structure constants' of L 0 ). Remark. Let ζ A , A = 1, 2 , be an h-orthonormal basis of U , and let z A be its dual basis. The above statements are easily checked by means of the associated Pauli basis, that is the positively orientedg-orthonormal basis ξ i of L 0 defined as
Conversely, any other orthonormal basis ξ ′ i with the same orientation is a Pauli basis for some h-orthonormal basis ζ ′ A of U , which is unique up to sign (this is essentially the 2-to-1 covering SU(2) → SO(3) ).
Let now U → E be a complex vector bundle over classical spacetime, with 2-dimensional fibers smoothly endowed with a Hermitian metric h . The fibers of L 0 → E are then smoothly orientable, and we have a distinguished orientation determined by the condition that Pauli frames be positively oriented.
We'll assume a Pauli map, that is an orientation-preserving fibered isometry
over E. Obviously Σ determines a bijection among positively oriented orthonormal frames e i of L * ⊗ VE and ξ i of L 0 . Since e i × e j = ε ij k e k , we see that Σ is an isomorphism of Lie algebras, the Lie algebra of L * ⊗ VE being given by the ordinary cross product.
Spin connection
A spin connection is a linear connection C of U → E. It has the coordinate expression
, and write
In the present Galileian context we require that C be Hermitian, i.e. ∇[C]h = 0 . This amounts to say that the coefficients C µ λ be real, namely that the 2 × 2 matrices C A λ B be anti-Hermitian, λ = 0, 1, 2, 3.
The connection of End U ∼ = U ⊗ E U ⋆ → E induced by C turns out to be reducible to a connectionC of L 0 → E , whose coefficients in the frame ξ i arẽ
Then it's easy to check thatC is metric, i.e. ∇[C]g = 0 .
A similar relation holds between the curvature tensors
of C andC . Actually R[C] turns out to be a 2-form valued into the anti-Hermitian endomorphisms of U , so we write its coordinate expression as R
[C]
A λµ B = R ν λµ ξ ν , with R ν λµ : E → R . By a simple calculation we then find
Moreover (by a slightly more complicate calculation) we also find
Remark. The fibers of ∧ 2 U → E are naturally endowed with a Hermitian structure induced by h ; if C preserves h , then the induced connectionĈ of ∧ 2 U → E preservesĥ . The expression ofĈ in the (orthonormal) frame ζ 1 ∧ ζ 2 iŝ
Now we observe that, while a spin connection C preserving h determines a unique metric linear connectionC of L 0 → E , the converse is not true:C only determines C in part. More precisely,C does not determine the coefficients C 0 λ , namely it does not determine the trace C A λ A of the coefficients of C in an h-orthonormal frame. In other terms,C does not determine the Hermitian connection 13Ĉ .
If we assume a given spacetime connection K ♮ , representing the gravitational field, then the assigned Pauli map Σ determines a metric connectionC of L 0 → E (we get ∇Σ = 0) . On turn, this determines the trace-free part of a Hermitian spin connection, that is the coefficients C i λ (λ = 0, 1, 2, 3, i = 1, 2, 3) . Moreover, note that
where the ρ i λµ are the components of the field ρ :
Recalling the above remark, we see that the chosen spacetime connection, together with the Pauli map, determines an h-preserving spin connection up to the inducedĥ-preserving linear connection of ∧ 2 U → E .
Remark. Conversely, we could assume a spin connection C as a primary datum and require that K ♮ restricts toǨ ♮ determined by C through Σ . In general, such a spacetime connection 14 would have non-vanishing torsion (unless further suitable conditions on C are required). Since in the present work we deal with a fixed spacetime background, maintaining a torsion-free spacetime connection as a primary geometric datum seems reasonable. Taking a further step we could study the interaction between spin and gravitation in the Galileian context, possibly finding that spin is a source for torsion like in the theory of Einstein-Dirac coupled fields [3, 4, 6] .
Relation to 2-spinors in Einstein spacetime
We refer to the treatment of 2-spinors and spacetime that was exposed in previous articles [3, 4, 6] . While that exposition has some original aspects which clarify the relations among the fundamental geometric data of Einstein-Cartan-Maxwell-Dirac field theory, it can be shown to be essentially equivalent to the standard theory.
Assume that the 2-spinor space U is only equipped with a Hermitian structure of ∧ 2 U , while no Hermitian metric h on U itself is assigned. Then a normalized "complex symplectic form" ε ∈ ∧ 2 U ⋆ is determined up to a phase factor, so ε ⊗ε is unique and is seen to restrict to a natural Lorentz metric on the Hermitian subspace of H ⊂ U ⊗ U ; this real vector space is also naturally endowed with a Clifford map γ : H → End(W ), where W := U ⊕ U ⋆ 13 C A λ A in only known to be imaginary, because ∇h = 0 . 14 In any case, K is not fully determined by C .
can be identified with the space of Dirac spinors. A Hermitian metric h can be identified with a timelike element of H * , namely its assignment is equivalent to that of an observer, and determines a linear splitting H = H ⊕ H ⊥ (mutually orthogonal 'time' and 'space'). Moreover h also determines (via 'index lowering' and multiplication by i) an isomorphism H ↔ L ; more precisely, H ⊥ is associated with the traceless subspace L 0 ⊂ L, while H is associated with the subspace i R 1 1 U generated by the identity.
Let now U → E be a bundle, over the 4-dimensional real manifold E, with fibers as above. A fibered isomorphism Θ : TE → L ⊗ H over E (a tethrad, or soldering form) transforms the Lorentz metric of H to a scaled Lorentz metric of E. A linear connection C of U → E yields a metric connection of H → E and, via the condition ∇Θ = 0 , a metric connection of TE → E. A Hermitan structure h of U the yields, via Θ , an observer on E (a timelike unit vector field E → L * ⊗ TE).
Summarizing, we can say that the general relativistic situation with a chosen observer is somewhat similar to the Galileian situation.
4 Quantum setting 4.1 Quantum setting for a scalar particle
We recall from §2.1 that in Galileian spacetime E → T one assumes the following basic structures for the classical mechanics of a particle with no internal structure: the spacelike metric g , the gravitational connection K ♮ and the electromagnetic field F . The mass m and the charge q of the particle allow the last two objects to be assembled into the joined spacetime connection K, which in turn yields the cosympletic 2-form Ω on JE.
The above recalled classical objects are required for the Covariant Quantum Mechanics of a particle of the said type; moreover one takes a complex vector bundle Q → E with 1-dimensional fibers, equipped with a Hermitian metric h Q and a quantum connection; this is defined to be a Hermitian linear connection Q of the phase quantum bundle Q ↑ ≡ JE × E Q → JE , fulfilling the two following conditions: it is a universal connection, and its curvature R[Q] is proportional to the cosymplectic form Ω (which contains the Planck constant) through the relation
Remark. In Hermitian spaces we use normalized frames. Here z denotes the dual frame (linear fiber coordinates) of a normalized frame ζ : E → Q . The condition that Q be universal can be expressed in coordinates 15 as Q 0 i = 0 , and implies that, for each observer o , the pull-back Q[o] := o * Q is a Hermitian linear connection of Q → E ; a certain transformation then relates the connections determined by any two observers.
For each observer,
] turns out to be a closed 2-form E → ∧ 2 T * E (this is the same object that was already considered in §2.2). Choose a spacetime chart adapted to o and a local normalized frame of Q → E ; then Q turns out to have the coordinate expression
The general coordinate expression of a linear connection of
, determined by Q and the chosen (normalized) quantum frame. Then H 0 ≡ −Q 0 and P i ≡ Q i are the classical Hamiltonian and momentum of the particle.
The question of the existence of a quantum connection, and of how many quantum connections exist, is essentially of cohomological nature [35] .
Quantum connection for a spin particle
Let U → E be the bundle of Pauli spinors ( §3), endowed with a Hermitian metric h and related to the spacetime geometry by the Pauli map Σ . We extend the quantum setting sketched in §4.1 by introducing the Pauli phase quantum bundle U ↑ ≡ JE × E U → JE . In order to extend the scalar case construction we must postulate a suitable connection on U ↑ → JE , which can be obtained in a natural way by the following argument. First, we write the bundle of Pauli spinors as a tensor product
that is, equivalently, we set U ′ := Q ⋆ ⊗ U . Note that the fibers of U ′ → E are naturally endowed with the Hermitian structure induced by h Q and h , and that we have the obvious isomorphism End
, between the bundles of all anti-Hermitian endomorphisms and between the bundles of all trace-free anti-Hermitian endomorphisms of U and U ′ . Hence the connectionC of L 0 → E (determined by the spacetime connection K and the Pauli map Σ : L * ⊗ VE → L 0 , §3.2) yields Hermitian spin connections of U → E and U ′ → E up to the induced connections of ∧ 2 U → E and ∧ 2 U ′ → E ( §3.2). In mutually proportional orthonormal frames of U and U ′ , the trace-free components of these two spin connections are identical. Now we choose a suitable spin connection C of U → E , compatible withC . The simplest natural way to restrict the choice of C consists of assuming that the induced connection of ∧ 2 U ′ → E is flat (namely its curvature tensor vanishes-this implies that certain topological conditions must be fulfilled). Then it's not difficult to see that, locally, one can find orthonormal spin frames such that the coefficients C A λ B are trace-free (i.e. the induced frame of ∧ 2 U ′ → E is covariantly constant). Eventually, we take the connection Q ⊗ C of
determined by the spin connection C and by the quantum connection Q of the scalar case. Its coordinate expression is
Thus Q ⊗ C can be seen as a universal connection of U ↑ ≡ JE × E U → JE , namely a certain family of connections Q[o] ⊗ C of U → E parametrized by the observers. The components of its curvature tensor can be similarly written as
Remark. If the complex line bundle ∧ 2 U has a square root, then this could be identified with Q ; in other terms we write Q ⊗ Q ∼ = ∧ 2 U , and identify U ′ with Q ⋆ ⊗ E U .
Hermitian vector fields and special functions
In this section we'll see that there is a one-to-one correspondence among the special functions JE × E (L * ⊗ VE) → R considered in §2.4 and Hermitian vector fields U → TU . Moreover that correspondence will turn out to be an isomorphism of Lie-algebra sheaves. The correspondence can be established in two steps, via an intermediate passage which depends on the choice of an observer. The final result, however, is independent of the observer (provided that one uses the same observer in both steps). We begin by recalling the results stated in §1.4, which enable us to use a Hermitian linear connection of U → E in order to characterize any Hermitian vector field. In the present case we use the connection Q[o] ⊗ C determined by the choice of an observer o . 
Conversely, let X : E → TE be a vector field,Y : E → L an anti-Hermitian endomorphism and o : E → JE an observer. Then one has the Hermitian linear projectable vector field
with coordinate expression
Let now f +φ : JE × E (L * ⊗ VE) → R be a special phase function for a classical spin particle ( §2.4). Then f : JE → R is a special phase function for a scalar particle, and a geometric construction yields the vector field X[f ] : E → TE ( §2.5) and the real function f [o] : E → R (the latter depending from the choice of an observer o). Furthermore the linear function φ : L * ⊗ VE → R , seen as a section E → L ⊗ V * E , can be associated with the traceless anti-Hermitian endomorphism
Summarizing: 
Finally we join the results of the above two theorems. The main result here is that by combining two observer-dependent isomorphisms one gets an observer-independent isomorphism between special functions and Hermitian vector fields. , by virtue of theorem 4.2, turns out to be independent of o . Furthermore the above said operations are mutually inverse, namely they determine an observer-independent one-to-one correspondence f +φ ↔ Y [f +φ] between special functions and Hermitian vector fields. This correspondence turns out to be an isomorphism of Lie algebras, the product of vector fields being given by standard Lie bracket and that of special functions by the bracket introduced in §2.5.
proof:
In coordinates adapted to o we find
Now, while A λ andf depend on the observer, the combination f 0 A 0 −f j A j +f can be shown to be independent of the observer [21] . Thus Y [f +φ] turns out to be observer-independent. By a direct calculation, the correspondence f +φ ↔ Y [f +φ] can be checked to be an isomorphism of Lie algebras 
Quantum operators
We conclude with a brief sketch of the main ideas concerning the relation between special functions, Hermitian vector fields and quantum operators (see [21] for some recent references on the scalar case; for the spin case this topic is essentially treated in [7] , though it would require some updating in order to cope with the most recent results).
We first introduce a modification of the setting of the previous sections: we assume the Hermitian product h of the fibers of U to be scaled, namely a section h :
Since the volume form η : E → L 3 ⊗ ∧ 3 V * E associated with the spacelike metric is L 3 -scaled, we get an unscaled section
For all t ∈ T let D • (E t , U t ) denote the vector space of all C ∞ sections E t → U t with compact support. This space has a standard topology [31] ; using h ⊗ η , its topological dual D(E t , U t ) can be identified with the vector space of all generalized sections (in the distributional sense) of the same bundle. A locally integrable ordinary section θ : E t → U t , in particular, can be identified with the element in D(E t , U t ) acting as
Consider, moreover, the vector space
This yields, by the usual procedure, a Hilbert space H(E t , U t ) , constituted by equivalence classes of elements in L 2 (E t , U t ) differing on zero-measure sets. We have natural inclusions
namely a so-called rigged Hilbert space [2] . Furthermore, the fibered sets
have a natural vector bundle structure over T , given by Frölicher's notion of smoothness [10, 27, 5] . So we get a rigged Hilbert bundle, namely the sequence D • ⊂ H ⊂ D of monomorphisms over T . Let X : E → TE be a vector field. Then it is not difficult to see that the Lie derivative X.α is well defined for each α : E → ∧ 3 V * E iff 17 X is projectable through E → T (namely X 0 : T → R, see the concluding remark of §2.3). In that case (which encompasses the cases of physical interest) we may introduce a slightly modified notion of a Hermitian linear projectable vector field as preserving h ⊗ η rather than h , namely through the condition (div η X) 1 1 . We now observe that an ordinary section ψ : E → U can be identified with a section t → ψ t of some functional bundle over T . Conversely, a section (say) T → D • (E, U ) can be seen as a section E → U . Moreover we recall ( §1.3) that a linear projectable vector field acts on sections ψ : E → U by a natural generalization of the standard Lie derivative. Hence each special function f +φ acts on ψ as Y [f +φ].ψ . Then it's quite natural to ask when does this operation yield a fibered action on D • ≡ D • (E, U ) over T . The answer is that it must not involve the derivative of ψ relatively to the "timelike" coordinate x 0 . In those cases when this condition is not fulfilled, however, one sees that there is a unique linear combination of the above said operation and the Pauli operator 18 P : J 2 U → T * ⊗ U by which one can "eliminate" the time derivative; we then get the "pre-quantum" fibered operator Then we get a Lie-algebra isomorphism between special functions and pre-quantum operators.
Remark. In the particular case of special functions which do not contain the energy (namely special functions such that f 0 = 0) we simply have ( f +φ)ψ = i Y [f +φ].ψ .
Main examples
The Pauli operator P : J 2 U → T * ⊗ U acts on a local section ψ = ψ A ζ A : E → U as
here S is the Schrödinger operator , acting on scalar sectionsψ : E → Q as g ij x i 0 x j 0 − A 0 is the scalar case Hamiltonian and −u 0 µ B ♭ : E → L ⊗ V * E (a realvalued function on the spin phase space) corresponds to u 0 / times the energy of interaction between the particle's spin and the magnetic field (see §2.4 and footnote 8 on page 10); and, finally, the spin in the n direction, n ♭ ≡ g ♭ (n) = n iď x i , where n : E → L ⊗ V * E is a unit covector field. Then we find
